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We study electromagnetically induced transparency of a ladder type configuration in ultracold
atomic gases, where the upper level is an electronically highly excited Rydberg state. The strong
two-body interaction in the Rydberg state leads to the excitation blockade, where all but one atoms
are shifted out of resonance such that the transmission of the probe light is affected. We show that
molecular coupling in the Rydberg state causes an effective, two-body dephasing. The presence
of the two-body dephasing leads to a similar blockade effect. Hence the overall blockade effect is
enhanced by the two-body dephasing. Through numerical and approximately analytical calculations,
we find that the transmission is reduced drastically by the presence of two-body dephasing in the
transparent window, which is accompanied by strong photon-photon anti-bunching. Around the
Autler-Townes splitting, the photon bunching is amplified by the two-body dephasing.
PACS numbers:
I. INTRODUCTION
Electromagnetically induced transparency (EIT) [1–3]
plays a pivotal role in quantum and nonlinear optics [4–
8] and has been investigated intensively in the past two
decades [9–12]. Recently there has been a growing in-
terest in the study of EIT using electronically highly ex-
cited (Rydberg) states with principal quantum number
n  1. Rydberg atoms have long life times (∼ n3) and
strong two-body interactions (e. g. van der Waals inter-
action strength ∼ n11). The distance dependent interac-
tion can suppress multiple Rydberg excitation of nearby
atoms, giving rise to the so-called Rydberg excitation
blockade. By mapping the Rydberg atom interaction to
light fields through EIT [13], strong and long-range in-
teractions between individual photons can be achieved.
This permits to study nonlinear quantum optics at the
few-photon level [14, 15] and find quantum information
applications [16] to create single photon sources [17–19],
filters [13, 20], substractors [21, 22], transistors [23, 24],
switches [25, 26], and gates [27, 28].
On the other hand, dephasing and decay of Rydberg
atoms are unavoidable due to, e.g., atomic motions and
finite lasers linewidth [29]. In the study of long time
dynamics, it has been shown that dissipation of indi-
vidual atoms competes the two-body Rydberg interac-
tions as well as laser-atom coupling. The interplay leads
to interesting driven-dissipative many-body dynamics,
such as glassy behaviors induced by single atom dephas-
ing [30], bistability and metastability [31, 32], Mott-
superfluid phase transition [33], emergence of antifer-
∗Electronic address: ydbest@126.com
romagnetic phases [34], dissipation controlled excitation
statistics [35], and dissipation induced blockade and anti-
blockade [36]. Nonetheless, collective dissipative pro-
cesses emerge in dense atomic gases, typically through
two-body dipolar couplings [37]. Well-known examples
are the sub- and super-radiance in atomic ensembles. In
cold atom gases, energies of pairs of atoms in different
Rydberg states can be close, leading to strong dipolar
interaction through the Fo¨rster resonance [38–43]. Due
to the coupling between different atomic pair (molecu-
lar) states, strong dephasing was observed in the study
of Rydberg-EIT [44].
In this work, we study Rydberg-EIT with a model
where both van der Waals interactions and two-body
dephasing are present. The latter could be induced by
molecular transitions due to the presence of multiple Ry-
dberg states [31, 43, 45–49]. Starting from the dipo-
lar coupling between Rydberg pair states, we derive a
master equation in which van der Waals (vdW) interac-
tions and effective two-body dephasing (TBD) are both
present in the target Rydberg states. Using a superatom
(SA) method [50], we study stationary properties of the
Rydberg-EIT [51–60] due to the interplay between the co-
herent and incoherent two-body processes. We find that
the blockade radius is enlarged by the two-body dephas-
ing. As a result, the transmission and photon-photon
correlation of the probe field is modified by the dephas-
ing in and out-of the EIT window.
The structure of the paper is as follows. In Sec. II,
the Hamiltonian and many-body master equation that is
capable to capture the two-body processes is introduced.
In Sec. III, the modification of the blockade radius by
the two-body dephasing is discussed. This is done by nu-
merically solving the master equation for two atoms and
analytically through an effective Hamiltonian. In Sec.
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FIG. 1: (Color online) (a) Atomic levels. A weak probe field
(Rabi frequency Ωp and detuning ∆p) and a classical cou-
pling field (Rabi frequency Ωd and detuning ∆d) couple the
ground stat |g〉, intermediately state |e〉 and Rydberg state
|d〉, respectively. Vjk and Γjk are long-range van der Waals
interaction and two-body dephasing, which depend on atomic
separation Rjk. (b) The equivalent superatom (SA) which is
composed of three collective state |G〉, |E〉 and |D〉. The cou-
pling between the collective state |G〉 and |E〉 is enhanced by
a factor of
√
N . (c) The SAs with (blue solid line) and with-
out (red dashed line) TBD in a quasi one-dimensional atomic
ensemble (length L). The number of SAs decreases as the size
of the SAs increases.
IV, we solve the light propagation and atomic dynamics
through the Heisenberg-Langevin approach. We identify
parameters where the transmission of the probe light is
affected most by the TBD. We show that the photon-
photon correlations are drastically modified by the TBD
in the transparent window and around Autler-Townes
splitting. We conclude in Sec. VI.
II. MANY-ATOM MASTER EQUATION
MODEL
We consider a cold gas of N Rb atoms, which are de-
scribed by a three-level ladder type configuration with a
long-lived ground state |g〉, a low-lying excited state |e〉
with decay rate γe, and a highly excited Rydberg state
|d〉. The level scheme is shown in Fig.1(a). Specifically
these states are given by |g〉 = |5S〉, |e〉 = |5P 〉 and
|d〉 = |nD〉. The upper transition |e〉 → |d〉 is driven by
a classical control field with Rabi frequency Ωd and de-
tuning ∆d. The lower transition |g〉 → |e〉 is coupled by
a weak laser field, whose electric field operator and de-
tuning is given by Eˆp and ∆p, respectively. In Rydberg
states, two atoms located at rj and rk will experience
long-range van der Waals (vdW) type interaction, given
by Vjk = ~C6/R6jk, where C6 is the dispersion coeffi-
cient and Rjk = |rj − rk| is the distance between the
two atoms. The Hamiltonian of the system reads
Hˆ = Hˆ0 + Vˆd (R) , (1)
where Hˆ0 =
∑N
j=1[∆pσˆ
j
ee + (∆p + ∆d) σˆ
j
dd] + [Ωˆpσˆ
j
eg +
Ωdσˆ
j
ed + H.c] describes the atom-light interaction. We
have defined the Rabi frequency operator Ωˆp = gEˆp
with g the single atom coupling constant [29]. Vˆd (R) =∑
j>k Vjkσˆ
j
ddσˆ
k
dd is the vdW interaction between Rydberg
atoms. Here σˆjmn = |m〉j〈n| is the transition operator of
the j-th atom.
A pair of atoms in the Rydberg |d〉 state can couple to
other pairing states of similar energies, due to the small
quantum defects in Rydberg |d〉 state as well as the pres-
ence of Fo¨ster resonances. The form of this coupling is
assumed to be the dipole-dipole interaction. Typically
we will have to deal with a large number of such pair
states, which make the analysis extremely challenging.
In this work, we will treat these background molecular
pairs perturbatively. We will assume atoms in the back-
ground molecular states decay rapidly to the |d〉 state.
This allows us to adiabatically eliminate the molecular
states, which leads to an effective, two-body dephasing
in the |d〉 state (see Appendix for derivation). Further
taking into account of other decay processes, dynamics
of the many-atom system is governed by the following
master equation
%˙ = −i[Hˆ, %] + 2γe
∑
j
(
σˆjge%σˆ
j
eg −
1
2
{%, σˆjegσˆjge}
)
+2γd
∑
j
(
σˆjdd%σˆ
j
dd −
1
2
{%, σˆjdd}
)
+
∑
j>k
Γjk
(
σˆjddσˆ
k
dd%σˆ
k
ddσˆ
j
dd −
1
2
{%, σˆkddσˆjdd}
)
, (2)
where γd is single atom dephasing rate in state |d〉. The
two-body dephasing Γjk = ~Γ6/R6jk with Γ6 being a co-
efficient characterizing the strength of the TBD.
III. TWO-BODY DEPHASING ENHANCED
BLOCKADE EFFECT
In this section, we reveal main effects caused by the
two-body dephasing with a simple example of two atoms.
We first calculate stationary states of two atoms by solv-
ing the master equation (2) numerically. Using the sta-
tionary state solution, we evaluate the two-body correla-
tion
C(R12) =
〈σˆ1ddσˆ2dd〉
〈σˆ1dd〉〈σˆ2dd〉
. (3)
3Under the two-photon resonance condition ∆p + ∆d =
0, the two-body correlation is shown in Fig. 2a. At short
distances, simultaneous excitation of the two atoms is
prohibited, where C(R) is small. Increasing the atomic
distance R, the correlation increases, and saturates at
C ∼ 1 at large distances, i.e. independent excitation of
Rydberg atoms. For intermediate distances, the correla-
tion function displays features strongly depending on the
single photon detuning.
For sufficiently large single photon detuning |∆p| =
|∆d|  |Ωp|, the correlation shows a maximum, as can
be seen in Fig. 2a. In this case, the correlation increases
at short distances and decrease at large distances with
increasing Γ6. The maximal value of the correlation de-
creases with increasing TBD rate Γ6 (see Fig. 2b). How-
ever the distance corresponding to the maximal value
increases with increasing Γ6. In the following we will
show that this distance can be considered as an effective
blockade radius in this system.
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FIG. 2: (Color online) (a) Correlation function C(R) for
∆d = −∆p = −0.3 MHz (solid), ∆d = −∆p = −2.0 MHz
(dashed) and ∆d = −∆p = −4.0 MHz (dotted). A maxi-
mum is found when the single photon detuning (|∆p| = |∆p|)
is large. Other parameters are Γ6 = 2C6 and Ωp/2pi = 0.5
MHz. (b) Correlation function C(R) with large single pho-
ton detuning ∆d = −∆p = −4.0 MHz. Increasing the TBD
rate Γ6, the maximal values reduce gradually. (c) Rb v.s. Γ6.
The location corresponding to the maximal value of the cor-
relation function is marked (see Fig. 2b). (d) Number Na
of atoms per superatom and (e) number NSA of superatoms
in the one-dimensional atomic ensemble. As the blockade ra-
dius increases with Γ6, the volume of a superatom become
larger. Fixing the length of the medium, total number of su-
peratoms is reduced. Other parameters for panels (b-e) are
Ωd/2pi = 2.0 MHz, γe/2pi = 3.0 MHz, γd/2pi = 10.0 kHz,
C6/2pi = 140 GHzµm
6, and L = 1.0 mm.
A. Blockade radius in the presence of TBD
Without TBD and for large single photon detuning,
the blockade radius is R0 ' 6
√
C6 |γe + i∆d| /Ω2d [22, 62],
which is a result of the competition between the linewidth
in the Rydberg state and the vdW interaction [47, 50,
52, 53, 56, 57, 63, 64]. The excitation is blocked within
a volume determined by the blockade radius R0, where
only one Rydberg atoms can be excited.
When the TBD is present, we note that the non-
Hermitian Hamiltonian of the system is obtained,
Hˆeff = Hˆ0 + ~
∑
j>k
(
C6
R6jk
− i Γ6
2R6jk
)
σˆjddσˆ
k
dd, (4)
where the vdW interaction and TBD are grouped to-
gether. By treating the two terms as a complex interac-
tion, and using the same argument as we derive R0, we
can define a characteristic radius Rb,
Rb ' 6
√∣∣∣∣1− i Γ62C6
∣∣∣∣R0, (5)
which depends on both the vdW interaction and TBD.
This radius increases with the TBD rate Γ6. In the
strong dephasing limit Γ6  C6, it is fully determined
by the dephasing rate, Rb ∼ 6
√
Γ6/2C6R0. Importantly
the radius Rb is identical to the distance corresponding
to the maximal correlation, as shown in Fig. 2b and c.
Such results are similar to the derivation of the blockade
radius in conventional Rydberg-EIT [62]. Hence we will
treatRb as an effective blockade radius for this dissipative
optical medium.
B. Enhancement of the blockade effect
As the blockade radius is increased by the TBD, the
blockade effect is enhanced in a high density atomic gas.
In a blockade volume, the atoms are essentially two-level
atoms (in states |g〉 and |e〉). They behave as a su-
peratom, which has three collective states [47, 50, 56,
57, 63, 64]. In a homogeneous gas, we obtain the col-
lective ground state |G〉 = |g1, · · · , gNa〉, singly excited
states |E〉 = ∑j |g1, · · · , ej , · · · , gNa〉 /√Na and |D〉 =∑
j |g, · · · , dj , · · · , gNa〉 /
√
Na [see Fig. 1(b)]. The num-
ber Na of the blocked atoms in the volume V = 4piR
3
b/3
of a superatom is given by Na = 4piρR
3
b/3, where ρ is
the density of the atomic gas. Hence the TBD increases
the ”mass” (i. e. the number of atoms) of a superatom
(see Fig. 1c and Fig. 2d). In the weak probe field limit,
other states are prohibited from the dynamics due to the
blockade.
In the one dimensional case, the number of superatoms
NSA = L/Rb reduces as the blockade radius increases.
However the number of atoms that are blocked Ntot =
NSANa = 4piLρR
2
b/3, which increases with increasing
4blockade radius. Therefore we obtain less superatoms,
while the total number of blocked atoms (i.e. two-level
atoms) is increased. These two-level atoms breaks the
EIT condition and causes light scattering. As a result
the transmission is reduced when the TBD rate is large.
IV. TRANSMISSION AND CORRELATION OF
THE PROBE LIGHT
In this section, we will study stationary properties of
the probe light in the presence of the vdW interaction and
TBD. This will be done in the weak field limit through
the Heisenberg-Langevin approach. We will work in the
continuous limit, which is valid when the atomic density
is high. The one dimensional regime is realized when
widths of light pulses are smaller than the blockade ra-
dius.
A. Heisenberg-Langevin equations
Using the superatom model and the master equation
(2) we obtain Heisenberg-Langevin equations of light and
atomic operators in the weak probe limit [50]
∂tEˆp (z) = −c∂zEˆp (z) + iηNσˆge (z) ,
∂tσˆge (z) = − (i∆p + γe) σˆge (z)− i ˆΩ†p (z)− iΩdσˆgd (z) ,
∂tσˆgd (z) = −i
[
∆ + SˆV (z)− iSˆΓ (z)
]
σˆgd (z)
−γdσˆgd (z)− iΩdσˆge (z) , (6)
where ∆ = ∆p + ∆d is two-photon detuning.
SˆV (z) =
∫
d3z′ρ (z′)C6/ |z − z′|6 σˆdd (z′) and SˆΓ (z) =∫
d3z′ρ (z′)C ′6/2 |z − z′|6 σˆdd (z′) are spatially dependent
interaction energy and TBD rate, respectively. Both SˆV
and SˆΓ are nonlocal in the sense that these quantities
depend on the overall density ρ(z) of the atomic gas and
Rydberg probability operator σˆdd(z).
Knowing the blockade radius, we solve the Heisenberg-
Langevin equations of independent SAs in the steady
state and obtain the Rydberg excitation projection oper-
ator [50],
ΣˆDD (z) =
Naη
2Eˆ†p (z) Eˆp (z) Ω2d
Naη2Eˆ†p (z) Eˆp (z) Ω2d + (Ω2d −∆∆p)2 + ∆2γ2e
.
(7)
The polarizability of the probe field is conditioned on the
projection,
Pˆ (z) = ΣˆDD (z)P2 +
[
1− ΣˆDD (z)
]
P3 (8)
where the polarizability becomes that of two-level atoms
in a SA
P2 =
iγe
γe + i∆p
(9)
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FIG. 3: (Color online) (a) Transmission v.s. the detuning ∆p
for TBD rate Γ6 = 0 (dashed), Γ6 = C6 (dotted) and Γ6 =
32C6 (solid). (b) Dependence of the transmission on the TBD
rate Γ6 at the EIT resonance. The square and circle denote
values of the transmission in (a) when Γ6 = 0 and when Γ6 =
32C6. (c) Diagram of the transmission as a function of Rabi
frequency Ωp and atomic density ρ. A TBD active region is
found when |δI˜p(L)| > 1% (dashed line). The probe detuning
∆p = 0. (d) Diagram of the transmission as a function of
TBD rate Γ6 and Rabi frequency Ωp. Increasing Γ6 and Ωp
will reduce the transmission. The latter is caused by stronger
blockade effect due to vdW density-density interactions. In
panels (a), (b) and (d), the atomic density is ρ = 0.5 × 1011
mm−3. Rabi frequency Ωp(0)/2pi = 0.3 MHz in (a) and (b).
Γ6 = 32C6 in panel (c). Other parameters are same with that
of Fig. 2.
and that of three-level atoms otherwise
P3 =
iγe
γe + i∆p +
Ω2d
γd+i∆
. (10)
It is clearly that optical response of a SA depends on the
Rydberg projection operator (7), i.e., SAs behave like a
two-level, absorptive medium due to ΣˆDD (z) = 1.
The transmission of the probe light is captured by the
probe light intensity Ip (z) = 〈Eˆ†p(z)Eˆp(z)〉. In the steady
state, the intensity Ip (z) satisfies a first order differential
equation,
∂z〈Eˆ†p(z)Eˆp(z)〉 = −κ(z)〈Im[Pˆ (z)]Eˆ†p(z)Eˆp(z)〉, (11)
where κ(z) = ρ (z)ωp/ (~0cγe) denotes the resonant ab-
sorption coefficient. Similarly we find the two-photon
correlation function gp (z) = 〈Eˆ†2p (z)Eˆ2p (z)〉/〈Eˆ†p(z)Eˆp(z)〉2
obeys [50]
∂zgp(z) = −κ(z)Im[P2 − P3]〈ΣˆDD(z)〉gp(z). (12)
5The blockade radius is encoded in the correlation func-
tion of photon pairs, which decays with the rate propor-
tional to the excitation probability 〈ΣˆDD〉 and absorp-
tion rate of a two-level atom when photon separation is
smaller than the blockade radius.
To solve Eq. (6)-(12) the 1D atomic medium is di-
vide into NSA = L/ (2Rb) superatoms, and then we
judge Rydberg excitation whether
〈
ΣˆDD (z)
〉
→ 1 or〈
ΣˆDD (z)
〉
→ 0 in each SA one by one via a Monte
Carlo sampling. This procedure is repeated many times
in order to evaluate mean values.
B. Transmission of the probe field
The transmission of the probe field is characterized by
the ratio of light intensities at the output and input, i.e.
I˜p(L) = Ip (L) /Ip (0) with input values Ip (0). Without
vdW interactions or TBD, high transmission is obtained
in the EIT window |∆p| ≤ |Ωd|2/γe due to the formation
of dark state polaritons [3]. In the presence of the vdW
interaction, the transmission is reduced due to the block-
ade effect. When turning on the TBD, the transmission
is further suppressed in the EIT window, see Fig. 3a.
Increasing the TBD strength Γ6, the transmission I˜p(L)
decreases gradually (Fig. 3b). A weaker transmission in-
dicates that there are more atoms blocked from forming
dark state polaritons [3]. This is consistent with the anal-
ysis in Sec. IIIB.
Outside the EIT window |∆p| > Ωp, the transmission
first decreases with increasing detuning ∆p. It arrives
at the minimal transmission around the Autler-Townes
splitting ∆p = ±Ωd. In this region, the TBD is less im-
portant, and the transmission is almost identical to cases
when Γ6 = 0 (Fig. 3a). Similar to the transmission of
EIT in a Rydberg medium [50], the medium enters a lin-
ear absorption regimes, where neither vdW interactions
nor TBD affect photon absorption dramatically.
In the following, we will focus on the transmission in
the EIT window and explore how the TBD interplays
with other parameters. We first calculate the transmis-
sion by varying atomic density and probe field Rabi fre-
quency. To highlight effects due to the TBD, we cal-
culate differences of the transmission with and without
TBD, δI˜ = I˜p(L)− I˜0p(L) where I˜0p(L) denotes the light
transmission when the TBD is turned off. The result
is shown in Fig. 3c. We find that stronger probe field
(larger Ωp) and higher atomic densities in general lead
to more pronounced TBD effect. The “phase diagram”
shown in Fig. 3c allows us to distinguish TBD dominated
regions. To do so, we plot a phase boundary (dashed
curve) when the difference δI˜ > 1%. Below this curve
the transmission is largely affected by the vdW inter-
actions while above this curve, the atomic gas exhibits
active TBD phase. Namely, the transmission is reduced
significantly due to the TBC.
In Fig. 3d, we show the transmission by varying both
the Rabi frequency Ωp and TBD rate Γ6. Fixing Γ6,
the transmission decreases with increasing Ωp. This re-
sults from the strong energy shift caused by the vdW
interaction [22, 50]. On the other hand, the transmission
decreases with increasing Γ6 if one fixes Ωp, i.e. the EIT
is dominantly affected by the TBD.
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FIG. 4: (Color online) (a) Second-order correlation function
g˜p(L) versus the probe detuning ∆p/2pi for TBD rate Γ6 =
0 (dashed), Γ6 = C6 (dotted) and Γ6 = 32C6 (solid). (b)
Dependence of the second-order correlation function g˜p(L)
on the TBD rate Γ6 when ∆p/2pi = 0.0 MHz (black solid)
and ∆p/2pi = 2.0 MHz (red solid). The dashed black curve
(∆p/2pi = 0.0 MHz) and dashed red curve (∆p/2pi = 2.0
MHz) denote the TBD rate Γ6 = 0. Other parameters are
the same as in Fig. 2.
C. Photon-photon correlation
The photon-photon correlation function exhibits non-
trivial dependence on the TBD. The normalized corre-
lation function g˜p(L) = gp (L) /gp (0) at the exist of the
medium is shown in Fig. 4a. In the EIT window, the
correlation g˜p(L) becomes smaller when we turn on the
TBD. Increasing the TBD strength Γ6, the correlation
decrease (see Fig. 4a and Fig. 4b). A smaller correlation
indicates that anti-bunching becomes stronger. It is in-
teresting to note that the transmission is large (Fig. 3a)
in the EIT window.
In contrast, the correlation g˜p(L) is enhanced by the
TBD outside the EIT window, |∆p| > Ω2d/γe. We obtain
maximal values of the correlation function around the
Autler-Townes doublet ∆p ≈ ±Ωd. Increasing Γ6, the
maximal value (bunching) is also increased (see Fig. 4c).
We shall point out that the transmission is smallest at
6the Autler-Townes doublet. It might become difficult to
observe the TBD amplified bunching in this case, as the
photon flux is low.
V. CONCLUSIONS
In summary, we have studied EIT in a one-dimensional
gas of cold atoms involving highly excited Rydberg
states. In this model, each pair of atoms does not only
experience the long-range vdW interactions but also the
nonlocal two-body dephasing. We show that the TBD
can enlarge the effective blockade radius. We demon-
strate that in the EIT window, the TBD enhances the
blockade effect, i.e. reducing the transmission and in-
creasing photon-photon anti-bunching. Away from the
EIT window, the transmission is hardly affected by the
TBD. However, the photon bunching is amplified around
the Autler-Townes doublet.
Our work opens new questions in the study of Ryd-
berg EIT. In the present work, we focused on stationary
states of extremely long light pulses at zero tempera-
ture. It is worth studying how the combination of TBD
and vdW interactions will affect propagating dynamics
of short light pulses. Moreover, it was found that the
molecular coupling can cause non-stationary light trans-
mission [44], while our model can not capture this fea-
ture. It is worth to developing new effective models to
describe the transient dynamics in the future.
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Derivation of the two-body dephasing operator
We consider a pair of atoms in Rydberg |d〉 state couple
to a different Rydberg state |r〉 through a molecular pro-
cess. This is described by the Hamiltonian Ht = H+Hm,
where H is the Hamiltonian given by Eq. (1), and the
molecular Hamiltonian Hm describes the dipolar inter-
action between the Rydberg states,
Hˆm = U(R12)(σˆ
1
drσˆ
2
dr + σˆ
1
rdσˆ
2
rd), (13)
with the dipolar interaction U(R12) = C3/R
3
12. More-
over the state |r〉 decays to the |d〉 through a single body
spontaneous process. The dynamics is given by the mas-
ter equation,
˙ˆρm = −i[Hˆm, ρˆm] (14)
+ γr
∑
j,k=1,2,j 6=k
(
σˆjdrρˆmσˆ
k
rd −
1
2
{ρˆm, σˆkrdσˆjdr}
)
.
In the master equation, we assume that single body decay
γr is large and the molecular coupling is strong. The
even weaker Hamiltonian H will be taken into account
adiabatically.
We first focus on subspaces expanded by the two Ry-
dberg states. For strong single body decay, the system
rapidly reaches to the equilibrium state. To consider dif-
ferent time scales, the master equation ˙ˆρ = (L0 + L1)ρˆ
is split into the fast (denoted by L0ρˆ) and slow (denoted
by L1ρˆ) parts, where
L0ρˆ
γr
=
∑
j,k=1,2,j 6=k
(
σˆjdrρˆmσˆ
k
rd −
1
2
{ρˆm, σˆkrdσˆjdr}
)
,
L1ρˆ = −i[Hˆm, ρˆm]. (15)
We will trace the fast dynamics and derive an effective
master equation for the slow dynamics via the second
order perturbation calculation [65].
Here we define a projection operator P0 =
limt→∞ etL0 , which projects the density matrix to the
subspace corresponding to the relatively slow dynam-
ics, i.e. ρˆ = P0ρˆm. The first order correction vanishes
P0L1P0ρˆm = 0. We then calculate the second order cor-
rection −P0L1(I − P0)L1P0ρˆm. A tedious but straight-
forward calculation yields an effective master equation
depending on the two-atom dephasing,
ρˆe ≈ 2U
2(R12)
γr
(
σˆ1ddσˆ
2
ddρˆeσˆ
2
ddσˆ
1
dd −
1
2
{σˆ2ddσˆ1dd, ρˆe}
)
.
(16)
Defining Γ12 = 2U
2(R12)/γr and taking Hamiltonian H
and other process into account adiabatically, we obtain
the master equation given in the main text (by further
extending the approximate result to the many-atom set-
ting).
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